Abstract-Common piezoelectric resonators such as the quartz resonators have a very high Q and ultra stable resonant frequency. However, due to small material nonlinearities in the quartz crystal, the resonator is drive level dependent, that is, the resonator level of activity and its frequency are dependent on the driving, or excitation, voltage. The size of these resonators will be reduced to one fourth of their current sizes in the next few years, but the electrical power which is applied will not be reduced as much. Hence, the applied power to resonator size ratio will be larger, and the drive level dependency may play a role in the resonator designs.
I. INTRODUCTION
HE future requirements of frequency control devices are that they be smaller and more stable at higher frequencies. However, with the increasing demand of smaller size it becomes more difficult to design high precision frequency control devices. One of the main causes of frequency instability is the role played by the intrinsic nonlinearities of quartz resonators. These intrinsic nonlinearities are responsible for the coupling between the ultrasonic wave and external or internal quasistatic perturbations. The dependence of the resonator frequency on its drive levels is one of the phenomena caused by the material nonlinearities of quartz. We call this dependency the drive level dependency (DLD).
The drive level dependency corresponds to the amplitudefrequency and the intermodulation effects. The amplitudefrequency effect corresponds to the dependence of the frequency of a resonator on the drive level and appears as a distortion of the amplitude and phase resonance curves. As the drive level (the current through a crystal) increases, the crystal's amplitude of vibration also increases and the effects due to the nonlinearities of quartz become more pronounced. In oscillators the amplitude modulation noise is transformed into short term frequency noise. For the long term all drifts of driving power are converted into frequency drifts, and for the same kind of resonators in case of power variations of 1%, to achieve a theoretical frequency stability of more than parts per million, the mean driving power has to be almost as low as a few mW [1] . Thus, non-linear amplitude-frequency effect is a limiting factor for their use at high drive level in oscillators and resonators.
When the driving signal is composed of two nearby angular frequencies, intermodulation is generated by the crystal nonlinearities if the driving powers are moderately high. It also appears that intermodulation can also be attributed to some surface effects corresponding to mechanical and electrical defects. The nonlinearities are also responsible for the coupling between different vibration modes of the resonator. This is a phenomenon, which can lead to "activity dips", must be distinguished from linear coupling due to piezoelectric excitation and thermal sensitivities of different modes. The sensitivity of mode coupling to power level is characteristic of non-linear coupling.
Several experiments had been carried in order to investigate the nonlinear resonance of AT-cut quartz resonators by Warner [2] , and Wood and Seed [3] by using amplituderesonance curve methods. However, the limitations of the method involved in determining the amplitude-frequency effect, didn't gave an accurate picture of how the nonlinearities affected the drive-level of the resonators. Later work was carried out by Tiersten [4] , [5] , [6] who derived the nonlinear differential equations and boundary conditions containing terms up to cubic in the small field variables from general nonlinear electrostatic equation. The equations were helpful in determining the fourth order elastic constant C 6666 which gives a good approximation of the theoretical results to that of the experimental results. For the past few years a lot of research had been carried out in determining the drive level dependence of quartz oscillator, but due to the assumptions
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We have developed an accurate 3-D finite element model, which can predict the drive level dependence of a quartz resonator. The drive level dependency of AT-cut, SC-cut, BTcut obtained from the FE model compares well with the experimental results. Also, the drive level dependencies of different cuts are also predicted. Here, we also show that the drive level expressed as the power density, rather than say the voltage drive level, is the most suitable parameter for describing the effects of the DLD.
Further, the DLD effect is studied with respect to the dissipation of energy due to the mounting and the material dissipation in order to define the effect of drive level dependence on the quality factor of quartz resonators. Hence we also show the effect of drive level dependence on the resonator Q which helps in selection of the quartz resonator for a particular application.
II. NONLINEAR GOVERNING EQUATIONS
The crystal is referred to a Cartesian coordinate system x 1 , x 2 , x 3 , with the x 2 -axis normal to the major surface of the rotated quartz cuts. The Lagrangian formulation used to define the effects of the intrinsic nonlinearities on thickness shear vibrations are as follows: In order to define the nonlinear effect due to the drive level, it is necessary to develop a model which incorporates the quasistatic deformations coupling with that of the higher order elastic constants. However, it is not possible to directly establish a relationship between the higher order nonlinear strain terms and the third order elastic constants. Thus the theoretical analysis can be simplified by considering that the wave has small amplitude therefore only the modification of the wave characteristics by the predeformation are considered and the influence of the wave on the predeformation can be neglected. This will linearize the nonlinear governing equations.
The influence of the intermodulation effects due to fourth order elastic constants is neglected in our current study. Also, the drive level effect of quartz resonators is predominantly affected by the higher order mechanical nonlinearities rather than those of the piezoelectric constants. Hence, the higher order piezoelectric constants are not taken into account.
An iterative algorithm is developed in order to model the drive level effect as follows: 
Iterate between STEP 2 and STEP 3 until a stable resonant frequency is obtained.
In the above steps the equations are solved for the thickness shear vibrations at the resonant frequency. The stresses and strains obtained at the resonant frequency are used to compute the frequency drift in STEP 4.
III. FINITE ELEMENT SIMULATION AND COMPARISON WITH EXPERIMENTAL RESULTS
The above iterative algorithm is then used in FEMLAB 3.1 finite element software to simulate the drive level effect in various quartz resonators. Fig. 3 shows the total displacement at a material point located near the electrode center versus the driving frequency. The curve is obtained by a linear frequency response analysis at a drive level of 0.0001 Volts. When the drive level is increased, not only does the peak response increase in magnitude, the frequency at the peak response also changes. This is the DLD effect on the resonator frequency. The simulation and the experimental results obtained for the resonators are shown in the plots below. Here, the FE simulation is carried out with the consideration of only the Raleigh damping parameters, that is, energy lost due to mountings is not considered.
The drive level dependency can be described in terms of the frequency change versus drive levels. The drive level can be expressed either as the voltage drive, electric current density, electric field, or power density. A useful drive level expression should be one which takes into account the resonator parameters such as its size, electrode dimensions and resonator Q because we have found experimentally that these parameters affects the resonator DLD.
a.) Voltage Drive Level:
The graph below (Fig. 4) shows the DLD of AT-cut resonators with respect to the voltage drive level (volts). It can be seen that the FE simulated curves follow the same trend as the experimental results for different samples of the resonators. In order to take into account the resonator resistance and dimensions, we further plot the DLD in terms of the electric field, current density and power density. The graph below (Fig. 5) shows the frequency shift in ppm versus electric field (volts/m) drive level for both the FE simulated results and experimental results. We see that the experimental curves and FE curves behave similarly. These curves give a better representation of the DLD because the thickness of these resonators are taken into account. Another representation of the DLD is in terms of the current density drive level in Amperes/m 2 . The graph below (Fig. 6) shows the comparison of experimental curves with the FE simulated curves. The figure shows good comparisons of experimental curves with the simulated curves. The graph below (Fig. 7) shows the DLD in terms of the power density (W/m^3). Here, the simulation results and the experimental results show the same frequency drift, and the simulation results follow the same trend as that of the experimental results. Since the FE model is simulated using only the Raleigh damping parameters, and energy dissipation due to the mountings is not taken into consideration, the magnitude of the power density simulated is different from the experimental power density. Since the power density is the product of the current density and voltage drive level, the resulting plot give us a linear representation of the DLD effect. The DLD curve plotted with respect to power density helps us in generalizing the DLD for various resonator size having different frequency spectrums. It serves as a universal parameter for the DLD as it takes into account all the resonator parameters.
2.) DLD in SC-Cut Quartz Resonators: Circular SC-cut quartz resonators are studied. Fig. 8 shows the dimensions for the resonator. Fig.9 shows the typical thickness shear mode for the resonator. The simulation and the experimental results obtained for the plot below (Fig. 10) . The DLD is plotted as a function of the universal parameter: power density. Here, the FE simulation curve shows the same trend as the experimental curve. The DLD in a BT-cut quartz resonator is also studied and compared with the experimental data. The dimensions of resonator used for the experimental and analytical analyses are as follows: The DLD versus power density is shown in Fig. 11 . The DLD curves for both the FE simulation and experiment follow a negative slope. The FE-simulation could predict both positive DLD with respect to power density (AT-and SC-cut resonators) and, now, negative DLD with respect to power density. This further demonstrates the validity of the FE model. Again the gap between experimental and simulated curve is caused by the difference in the resistance.
4.) Doubly Rotated Cuts:
We now use our FE model for DLD in various doubly rotated cut in order to seek a cut which yields a small DLD, and simultaneously retains the desirable frequencytemperature (f-T) behaviour of the AT-cut resonators. Hence, the quartz crystal cuts are rotated about the x 3 -axis with an angle varying from 0 degrees to 22 degrees while the angle rotated with respect to the x 1 -axis is kept relatively fixed at about 34.93 degrees. The dimensions used for these doubly rotated cuts are given below:
The first set of data corresponds to quartz crystal rotated about x 3 -axis at an angle of 9 degrees and 12 degrees and the x 1 -axis rotated at 34.91 degrees and 34.73 degrees respectively. The simulation results and the experimental results are shown in the DLD versus power density graphs below. Figure 12 shows that cut having an angle of x 3 =12.0 degrees have a very low DLD response. Three figures below show the simulated DLD versus power density curves for double rotated cuts of quartz with phi varying from 0 degrees to 22 degrees and theta 34.93 degrees. Figures 13, 14 and 15 show the DLD curves with the cut angle phi varying from 1 to 7 degrees, 8 to 14 degrees and 15 to 22 degrees respectively. The graphs show that the cut angles of phi equal to 8 degrees and 9 degrees, and theta equal to 34.93 degrees have the lowest DLD. It has also been shown experimentally that the cut angle with phi equal to 8 degrees and theta equal to 34.93 degrees is also a temperature stable cut. The most DLD sensitive cut is for phi equal to 19 degrees and theta equal to 34.93 degrees. The DLD versus power density curves are relatively straight lines. At a given power density we can find the slope of the curve. We define this slope as the frequency shift gradient. A graph of the frequency shift gradient versus the cut angle will allow us to find the cut angles which yield small DLD effects. The next graph (Fig. 16) show a plot of the frequency shift gradient at a power density obtained at a drive level of 0.1 V versus the cut angle phi. The FE simulated curve compares well with the experimental data. 
IV. DRIVE LEVEL DEPENDENCE AND QUALITY FACTOR
The quality factor Q is one of the important factors in deciding the stability of quartz resonators. In order to obtain a relationship between the Q and the drive level dependence of a quartz resonator, an "energy sink approach" is integrated into the DLD FE model. This approach takes into consideration the energy losses due to the mountings by assuming a semiinfinite boundary at the mountings. The relationship between the quality factor and the drive level dependence helps us understand the resistance which changes the DLD curve and the quality factor. As the quality factor decreases, the resistance increases. Since, the power density takes into consideration the resistance, it is the most suitable parameter for describing the DLD effect in quartz resonators.
A FE simulation is carried out with respect to the experimental setup used in determining the quality factor of the AT-cut quartz resonator as a function of the position of a point probe. The experimental setup is shown in Fig. 17 along with the locations of the point probe (numbered 1 to 4) Figure 18 shows the displacement distribution of the 20 MHz resonator and the locations of the point probe along the blank length. When point probe is moved from locations 1 to 4, it interferes with the displacement distribution of the resonator; energy is dissipated via the probe and the resonator Q drops. The dimensions of the AT-Cut quartz resonator used are given below:
The simulation results are carried out by considering a semi-infinite boundary condition at the probe position; hence all the energy dissipated from the quartz resonator is being absorbed at this particular boundary interface. The drop in Q due to the increase in the resistance obtained from experimental and simulation results is shown in graph of Fig.  19 . The graph shows that the motional resistance increases (with a corresponding decrease in Q) as the position of the probe is moved towards the electrode region of the resonator. The Q of a quartz resonator is greatly affected by air damping which results in a large difference between the Q in air and vacuum. Hence experiments are carried out on 48 MHz AT-Cut resonator in order to understand the influence of air damping on DLD and Q. The experiments were carried out in a vacuum chamber and in normal atmospheric conditions with supports to calculate the change in the DLD and Q. Fig.22 shows that the Q measured in vacuum is almost 1.5 times higher than that measured in normal atmospheric conditions. The figure 23 below shows the effect of air damping on DLD in AT-cut quartz resonators. Although there was a significant drop in the Q due to air damping (see Fig.22 ), the DLD is observed to be not much affected by the air damping. The graph shows that the Q does not have significant effects on the DLD. 4.) The study shows that the power density applied to the quartz resonator best describes its DLD. The power density is the best parameter for defining the DLD. 5.) The FE predictions of the resonator Q shows the same trend as the measured Q. 6.) A decrease in the resonator Q decreases the DLD, however the effect is weak.
